The classical rearrangement inequality provides bounds for the sum of products of two sequences under permutations of terms and show that similarly ordered sequences provide the largest value whereas opposite ordered sequences provide the smallest value. This has been generalized to multiple sequences to show that similarly ordered sequences provide the largest value. However, the permutations of the sequences that result in the smallest value is in general not known. We show a variant of the rearrangement inequality for which a lower bound can be obtained and conditions for which this bound is achieved for a sequence of permutations.
Introduction
The rearrangement inequality [1] states that given two finite sequences of real numbers the sum of the product of pairs of terms is maximal when the sequences are similarly ordered and minimal when oppositely ordered. More precisely, suppose x 1 ≤ x 2 · · · ≤ x n and y 1 ≤ y 2 · · · ≤ y n , then for any permutation σ on {1, · · · , n}, x n y 1 + · · · + x 1 y n ≤ x σ(1) y 1 + · · · + x σ(n) y n ≤ x 1 y 1 + · · · x n y n
The dual inequality is also true [2] , albeit only for nonnegative numbers in general (i.e. x 1 ≥ 0, y 1 ≥ 0): (x 1 + y 1 ) · · · (x n + y n ) ≤ (x σ(1) + y 1 ) · · · (x σ(n) + y n ) ≤ (x n + y 1 ) · · · (x 1 + y n )
Eq.
(2) says that similarly ordered terms minimize the product of sums of pairs, while opposite ordered terms maximize the product of sums.
In Ref. [3] , these inequalities are generalized to multiple sequences of numbers:
Note that only half of the rearrangement inequality is generalized. In particular, the rightmost inequality (the upper bound) in Eq. (1) and the leftmost inequality (the lower bound) in Eq. (2) are generalized in Lemma 1 by showing that similarly ordered sequences maximizes the sum of products and minimizes the product of sums. No such generalization is known for the other half. This note is an attempt to provide results for the other direction.
The AM-GM inequality states that the algebraic mean of nonnegative numbers are larger than or equal to their geometric mean. We will rewrite it in the following equivalent form.
xi n n with equality if and only if all the x i are the same.
This allows us to give the following bounds on the other direction of Lemma 1. Lemma 3. Consider a set of nonnegative numbers {a ij }, i = 1, · · · , k, j = 1, · · · , n. Then
In addition, Lemma 2 implies that if there exists k permutations σ i on {1, · · · , n} such that (1) for all j, then this set of permutations will minimize the sum of products, i.e. (1) for all j, then this set of permutations will maximize the product of sums, i.e.
In the next section we consider scenarios where these conditions can be satisfied for some sequence of permutations of terms and thus supply the other directions of Lemma 1.
Sums of products of permuted sequences
Instead of considering multiple sequences, we restrict ourselves to permutations of the same sequence and look at sum of products of these sequences.
Definition 1. Let 0 ≤ a 1 ≤ a 2 · · · ≤ a n be a sequence of nonnegative numbers. Consider k permutations of the integers {1, · · · , n} denoted as {σ 1 , · · · , σ k } and define the value v(n, k) = n i=1 k j=1 a σj (i) . The maximal and minimal value of v among all k-sets of permutations are denoted as v max (n, k) and v min (n, k) respectively.
An immediate consequence of Lemma 1 is that v max (n, k) = n i=1 a k i and is achieved when all the k permutations σ i are the same.
v min (n, k) and v max (n, k) can be determined explicitly for small value of n or k.
• v min (n, 2) = n i=1 a i a n−i+1 Proof. For k = 1 there is only one sequence and v(n, 1) = n i=1 a i . For n = 1, the only permutation is (1), so v(1, k) = a k 1 . When n = 2, there are only two permutations on the integers {1, 2}, and v max (2, k) = a k 1 + a k 2 . If k = 2m, v min (2, k) = 2a m 1 a m 2 is achieved with m of the permutations of one kind and the other half the other kind. If k = 2m + 1, v min (2, k) = (a 1 + a 2 )a m 1 a m 2 is achieved with m of the permutations of one kind and m + 1 of them the other kind.
The rearrangement inequality (Eq. (1)) implies that for k = 2, v max (n, 2) = n i=1 a 2 i and v min (n, 2) = n i=1 a i a n−i+1 by choosing both permutations to be (1,2,· · · , n) for v max (n, 2) and choosing the two permutations to be (1,2,· · · , n) and (n,n − 1,· · · , 2, 1) for v min (n, 2).
Our next result is a lower bound on v min :
Proof. The product ij a σi(j) is equal to i a k i . Thus by Lemma 2, v(n, k) ≥ n n i a k i = n i a k/n i .
Our main result is that this bound is tight when k is a multiple of n.
Theorem 1. If n divides k, then v min (n, k) = n n i=1 a k/n i and is achieved by using each cyclic permutation k/n times..
Proof. By Lemma 5 v(n, k) ≥ n n i=1 a k/n i . Consider the n cyclic permutations r 1 = (1, 2, ..., n), r 2 = (2, ..., n, 1), ..., r n = (n, 1, ..., n − 1). It is clear that using k/n copies of each permutation r i to form k permutations results in v(n, k) = n n i=1 a k/n i .
3 The dual problem of product of sums Definition 2. Let 0 ≤ a 1 ≤ a 2 · · · ≤ a n be a sequence of nonnegative numbers. Consider k permutations of the integers {1, · · · , n} denoted as {σ 1 , · · · , σ k } and define the value w(n, k) = n i=1 k j=1 a σj (i) . The maximal and minimal value of v among all k-sets of permutations are denoted as w max (n, k) and w min (n, k) respectively.
Analogous to Section 2 the following result can be derived regarding w max and w min . Lemma 6.
• w min (n, k) =
• w max (2, 2m + 1) = (ma 1 + (m + 1)a 2 )(ma 2 + (m + 1)a 1 ).
• w min (n, 2) = 2 n i a i . • w max (n, 2) = i (a i + a n−i+1 ).
• w max (n, k) ≤ k i ai n n with equality if n divides k.
The special case where a i is an arithmetic progression
Consider the special case where the elements a i form an arithmetic progression, i.e. a i are equally spaced where a i+1 − a i is constant and does not depend on i. Even though v min are difficult to compute in general, explicit forms for w max can be found for many values of n and k.
Proof. In this case, i a i = 3a 2 . By Lemma 6, w max (3, k) ≤ (a 2 k) 3 . If k is even, then w(3, k) = (a 2 k) 3 is obtained by k/2 copies of the permutation (1, 2, 3) followed by k/2 copies of the permutation (3, 2, 1). If k = 2m + 1 ≥ 3 is odd, then w(3, k) = (a 2 k) 3 is obtained by m copies of the permutation (1, 2, 3) , the permutations (2, 3, 1) and (3, 1, 2) followed by m − 1 copies of the permutation (3, 2, 1) .
Proof. It is easy to see that i a i = n(a 1 + a n )/2. By Lemma 6 w max (n, k) ≤ k(a1+an) 2 n . By using k/2 copies of the permutation (1, · · · , n) and k/2 copies of the permutation (n, · · · , 1), we see that j σ j (i) = k(a 1 + a n )/2 for all i and thus w(n, k) = k(a1+an) It is clear that we get analogous results for v min if the sequence a i is defined as a i = c bi for some constant c ≥ 0 and an arithmetic progression b i of (not necesarily nonnegative) numbers.
The special case a i = i
Consider the special case where the sequence a i is just the first n positive integers, i.e. v(n, k) = n i=1 k j=1 σ j (i) and w(n, k) = n i=1 k j=1 σ j (i). The values of v min (n, k) and w max (n, k) can be found in OEIS [4] sequence A260355 (https://oeis.org/A260355) and sequence A331988 (https://oeis.org/A331988) respectively. More details about v min and w max for this special case can be found in [5] .
Conclusions
We consider a variant of the rearrangement inequality for which we can generalize to multiple sequences and find both the set of permutations that maximizes or minimizes the sum of products or product of sums of terms.
